We present an approach for numerically solving the multimode generalized nonlinear Schrödinger equation (MM-GNLSE). We propose to transform the MM-GNLSE to a system of first-order ordinary differential equations (ODEs) that can then be solved using readily available ODE solvers, thus making modeling of pulse propagation in multimode fibers easier. The solver is verified for the simplest multimode case in which only the two orthogonal polarization states in a non-birefringent microstructured optical fiber are involved. Also, the nonlinear dynamics of the degree and state of spectral polarization are presented for this case. Opt.
Introduction
When short narrow-band laser pulses enter a nonlinear optical medium, they may experience extreme spectral broadening and convert into a broadband spectrally continuous output, a process known as supercontinuum generation (SCG). Since their first introduction, microstructured optical fibers (MOFs) have been particularly favored for generating supercontinua as broad as a few optical octaves. Their unprecedented flexibility in the design of the dispersion characteristics together with the achievable high nonlinearity have boosted the interest in SCG research, both experimentally and theoretically [1] .
By now, comparisons between experiments and numerical simulations based on the general-ized nonlinear Schrödinger equation (GNLSE) have opened the way towards a detailed physical understanding of the underlying complex dynamics of SCG [2, 3] . As a result, for selected cases, such as the single-mode pulse propagation in silica fibers, a good agreement between experiments and simulations can meanwhile be observed, which, however, can in general not yet be reached for many other situations, among them for instance soft glass fibers [4] . The high nonlinearity of MOFs results from the strong field confinement achieved when these fibers are designed with a small core and a high core-cladding index contrast. Although typically only the fundamental mode is effectively excited, these MOFs can in principle support numerous transverse spatial modes [5, 6] . Their coupling to each other depends on the difference of the propagation constants and can get enhanced when the fiber core diameter is increased. This can give a number of advantages: For instance, pulse propagation along higher-order modes will experience different dispersion properties, which will give access to novel nonlinear optical phenomena in the SCG process [7] [8] [9] [10] [11] . Furthermore, the steady demand for an increase in the achievable maximum power spectral density in SCG requires fibers with an increased core size, and thus possible multiple guiding modes, to push the fiber damage threshold beyond current limits.
Despite the fact that experiments have pointed out the importance of intermodal nonlinear effects [8, 12, 13] , the complexity of SCG itself and the influence of intermodal phenomena in particular have mostly limited the theoretical studies of the pulse propagation in multimode MOFs to simple cases only. This has left GNLSE modeling constrained by either the number of modes, mostly to two birefringent [14] [15] [16] or spatially distinct modes [7, 17] , or by the extent to which intermodal nonlinear phenomena have been taken into account [10, 18] .
Only recently, the theoretical framework has successfully been extended to enable the study of pulse propagation in multimode fibers taking into account an, in principle, unlimited number of modes [19] . The derived multimode GNLSE (MM-GNLSE) comprises apart from the common nonlinearities, wavelength dependent nonlinear mode couplings and was first applied to study the dynamics of intermodal nonlinear effects in femtosecond SCG [20] . Since then, the importance of this theoretical model has been recognized by a number of researchers investigating into effects, ranging from pulse propagation in non-silica fibers [21] and multicore MOFs [22] to the role of multimode fibers in extending the fiber-capacity limit of modern telecommunications systems [23] . But also the goal to further extend the supercontinuum spectrum into either the UV or infrared, by, for instance, tapering MOFs with high air-fill fraction [24] or using very high NA soft glass fibers [1] , has raised the interest in multimode SCG.
The aim of this paper is to present a straightforward approach to solving the MM-GNLSE so that modeling of pulse propagation in multimode fibers may become easily accessible to a broad research community. We transform the MM-GNLSE in the frequency domain to a system of standard ordinary differential equations (ODEs) enabling the use of readily available ODE solvers and thus giving straightforward access to the complex theoretical model. The potential of this numerical approach is demonstrated by simulating the nonlinear propagation of femtosecond pulses in a non-birefringent multimode MOF for a set of linearly polarized eigenmodes.
Modeling
We have adopted the MM-GNLSE proposed by Poletti and Horak [19] for numerically describing the ultrashort pulse propagation in the case when multiple transversal modes are excited in an optical fiber. This model extends the GNLSE typically used for describing single-mode propagation [1, 2, 25] by taking into account, besides Kerr and Raman nonlinearities, self-steepening, polarization and higher-order dispersion effects, also wavelength-dependent intermodal effects for an, in principle, unlimited number of modes. The mathematical formulation consists of a set of equations with their number being equal to the number of modes being considered. Selecting one of the modes (p), the evolution of the pulse envelope A p (z, T ) along the z-axis is described in the co-moving time frame by [19] 
(1) Generally, Eq. (1) can be divided into a dispersive D (p) (first line term of Eq. (1) in square brackets) and a nonlinear part N (p) . The nonlinear part N (p) comprises the couplings between the modes, characterized by the coupling coefficients Q (1, 2) plmn as defined by [19] 
with the normalization coefficients
In Eq. (1) we have freely chosen ω 0 , β 0 = β (ω 0 ) and β 1 = (∂ β /∂ ω) ω=ω 0 to be the wavenumber, the propagation constant and the inverse group velocity of the fundamental mode (p = 1), while for the higher-order modes we have β
Fiber losses are neglected due to the short fiber lengths that will be considered here. The parameters n 0 , n 2 , ε 0 and c are the linear and the nonlinear refractive indices of the fiber material, vacuum permittivity and speed of light in vacuum, respectively. The delayed Raman response R(T ) is defined as in Eq. (9) of [19] and τ (1, 2) plmn is the shock term [19] . The required propagation constants β (p) and the transverse electric and magnetic mode-field profiles E p and H p of each mode are here obtained independently from finite-element method calculations.
Note that through Q (1, 2) plmn in Eq. (2) this description allows us to account for the frequency dependence of the mode profiles across the SC bandwidth, analogously to the spectrally dependent effective area in the single-mode model for SCG [25] . Also, arbitrary profiles of the mode fields can be taken into account so that both circularly and linearly polarized modes can be studied with this model.
Numerical solving
In general, the GNLSE has no analytic solution and thus has to be solved numerically. The most widely employed numerical method is the split-step Fourier method as it provides a good compromise between efficiency, accuracy and coding simplicity. However, in order to guarantee the accuracy and convergence of the results, the numerical step sizes for the position coordinate have to be selected carefully as otherwise multiple simulations with decreasing step sizes or other means of error control and adaptive step-size algorithms will be required [26] . These limitations were removed by transforming the equation into frequency domain and integrating it by the well established and reliable fourth-order Runge-Kutta method, as demonstrated earlier for solving the single-mode GNLSE [1, 27, 28] .
Here, we have adopted this idea to solve the multi-mode GNLSE. Similarly, the MM-GNLSE is transformed in frequency domain to a system of first-order ordinary differential equations (ODEs). We then utilized the fourth-order Runge-Kutta ODE solver provided by the MATLAB ® package to solve the system of ODE by direct integration. Implementation of the frequency domain MM-GNLSE solver thus becomes fast and customizable.
In order to rewrite the MM-GNLSE in the form of a system of first-order ODEs,
we start by first expressing the temporal pulse shape A p (z, T ) by the inverse Fourier transform
Substituting A p (z, T ) by Eq. (5) only in the dispersive part of Eq. (1), and subsequently applying the Fourier transform to both sides of Eq. (1) yields
where
. Next we use the relation 1 + iτ plmn
τ plmn F and approximate the shock term by τ plmn ≈ 1/ω 0 as discussed in [19] . Following [1] , we perform a change of variables
and finally arrive at the ODE describing the pulse propagation for mode p
with * describing the convolution integral and superscript * the complex conjugate. For a total number of M modes and a frequency grid with N frequency points, the system of equations forms a first-order vector ODE (Eq. (4)). Comparing Eq. (8) with Eq. (4), we find, that the right hand side of Eq. (8) provides the entries of f(y, z) and
with initial conditions Solving the first-order vector ODE, consisting of M ·N equations in total, yieldsÃ ′ p . The spectral and temporal evolution of each mode is then obtained by performing a backward change of variables according to Eq. (7).
The MM-GNLSE solver presented here has been verified to reproduce the previously published results of femtosecond SCG simulations in multimode fibers [20] , which were obtained by numerically solving the MM-GNLSEs using the split-step Fourier method.
Simulation results
In this section we demonstrate the potential of the theoretical model and the MM-GNLSE solver by simulating the SCG of ultrashort pulses launched into a multimode, non-birefringent MOF.
The design of the chosen silica MOF is described by a triangular grid of holes with a holeto-hole pitch of Λ = 2.1 µm and a hole-pitch ratio of d/Λ = 0.89 (see inset of Fig. 1) . A full vectorial finite-element method (FEM) analysis utilizing COMSOL Multiphysics ® software yields as a result that this fiber geometry is non-birefringent and supports more than 6 guided modes at wavelengths below 1.7 µm. From the analysis we extract for the six lowest order modes (labeled M1 -M6) the electric E p (ω) and magnetic H p (ω) fields as well as the propagation constants β p (ω). The respective group-velocity dispersion (GVD) parameters, obtained from β p (ω), are plotted in Fig. 1(a) in the wavelength range from 0.4 µm to 1.5 µm. For modes M1 and M2 the zero GVD wavelengths (ZDW) are located near 0.8 µm, whereas the ZDWs of the modes M3 to M6 are shifted to around 0.6 µm. Within the numerical accuracy the field distributions of the modes are found to be transversal only. The mode fields and polarizations of modes M1 and M2 are shown in Fig. 1(b) . We have calculated Q (1, 2) plmn only at the pump wavelength (ω = ω 0 ) in Eq. (8) to significantly shorten the computation time for Q (1, 2) plmn . As the rate of intermodal energy transfer is lower outside the narrow-band region of the pump, we will neglect by this simplification only small variations in the coupling efficiency and mode intensity profiles over the whole spectrum.
The generation of the supercontinuum is first simulated along a 15 cm long piece of the described MOF for 150 fs-long input pulses with a peak power of 10 kW. The chirp-free pulses are of secant-hyperbolic shape with a central wavelength at 0.8 µm. Initially, the light is linearly polarized and assumed to be fully coupled into mode M1. However, all modes require the inclusion of noise as otherwise no interaction between the modes is possible. This is an essential difference compared to single-mode studies and we thus have to take into account not only the pump laser noise but also the intrinsic quantum fluctuations present in each mode. This is realized here by exciting all six modes through quantum noise by including one photon per mode with a random phase in each spectral component, following [14] . Alternatively, depending on the pump pulse properties, a more elaborate model for the pump laser noise can be easily included to enable more detailed comparisons with experiments [29] . Solving the system of equations (Eq. (8)), we obtain the spectral contents of each mode at the end of the fiber as displayed in Fig. 2 . We observe that energy has effectively only been transferred from the initially excited mode M1 to mode M2, with negligible amounts of energy in modes M3 to M6. Consequently, under these conditions the simulation reduces to the most simple multimode case when light is effectively only coupled between the two orthogonal polarization states of the fundamental mode (see Fig. 1(b) ).
Since the effective indices and mode intensity profiles of modes M1 and M2 match each other within the accuracy of the FEM analysis, the spectral output of the fiber is expected to be the same independent of in which of the two modes the light is propagating. Indeed, the spectra presented in Fig. 3 for an ensemble average of 100 simulations show good agreement between the combined spectra of modes M1 and M2 and simulations with light propagation in mode M1 only, equivalent to the scalar-GNLSE result. This confirms the correctness of the MM-GNLSE simulation. However, while the total spectral information can readily be obtained from solving the scalar-GNLSE considering mode M1 only, the actual complex interaction between modes M1 and M2 remains hidden in this simplified analysis. Figure 4 presents the relative mode energy ratios for different input pulse peak powers up to a fiber length of 30 cm obtained from MM-GNLSE simulations. The results originate from single-shot simulations by integrating the pulse envelope for each mode at position z and normalizing it to the input pulse energy (z = 0). We verified that in the absence of the Raman effect the total energy remains conserved during the propagation of the light pulses. The presence of the Raman effect, however, results in an energy loss during propagation, as represented by Σ in Fig. 4 . Further we confirmed that also the photon number N ph ∝ ∑ M p=1 |A p (ω)| 2 /hω dω remains conserved. The energy transfer among the two modes strongly depends on the initial pulse peak power. While at peak powers of 1 kW only a negligible amount of energy is transferred to mode M2 by the end of the fiber, peak powers above 10 kW lead already to an energy transfer of more than ≈ 35 %. Also the onset of the energy transfer starts earlier with higher peak powers, for instance already at ≈ 1 cm for peak powers of 50 kW. Selecting 10 kW peak pump power and considering only the first 15 cm of the fiber, the spectral and temporal evolution of modes M1 and M2 are presented in Fig. 5 . Initially, the pulse launched into mode M1 forms a higher order soliton. The soliton is then temporally compressed until soliton fission sets in at about 3 cm. As a result, a broad spectrum is formed which propagates in mode M1 with an almost unchanged width to the end of the fiber. The onset of light propagation in mode M2 can be observed after about 6 cm. By this point cross-phase modulation becomes very efficient due to a complete phase synchronization between modes M1 and M2, and results in significant energy transfer to mode M2. The power spectral density in mode M2 increases towards the end of the fiber, even reaching within a narrow spectral range a power level comparable to mode M1.
Although in the example presented here SCG is initiated from a fully linearly polarized pulse launched into mode M1, coupling to the orthogonally polarized mode M2 determines the overall polarization properties of the supercontinuum at the fiber output. In the past, the polarization properties of supercontinua generated in weakly and highly birefringent MOFs M1 M2 Figure 5 . Spectral and temporal evolution of the supercontinuum in modes M1 and M2 generated from 10 kW pulses originally launched into mode M1.
have been studied both experimentally and numerically [14] [15] [16] [30] [31] [32] . Thereby, the numerical models were exclusively based on solving the coupled GNLSE with two circularly polarized eigenmodes [14, 16, 32] . Using the MM-GNLSE allows us to study the nonlinear polarization dynamics in SCG independent of the eigenmode basis.
To analyze the polarization properties further we utilize the partial polarization theory for pulsed optical beams introduced in [33] for the ensemble of simulated supercontinua presented earlier in Fig. 3 . Following [33] we determine the spectral degree of polarization P s (z, ω),
where at propagation distance z and frequency ω the spectral polarization matrix Φ Φ Φ(z, ω) has the following elements
which are obtained from the calculated complex spectral envelopesÃ i (z, ω) with i, j = x, y. Here we assume x to refer to M1 and y to M2. By definition the spectral degree of polarization is limited between 0 ≤ P s (z, ω) ≤ 1, indicating at its upper bound a spectrally fully polarized field for the ensemble average, whereas the lower bound corresponds to an unpolarized field. For each spectral component, the evolution of P s along the fiber length is shown in Fig. 6(a) . We find that the generated supercontinuum remains, as it should, spectrally fully polarized until the onset of mode M2. From this point on the spectral degree of polarization rapidly decreases at those wavelengths where mode M2 contributes to the total supercontinuum. On the other hand, a comparison of the degree of spectral polarization at z = 15cm (Fig. 6(b) ) with the ensemble average of the spectral contents in each mode ( Fig. 6(d) ) reveals that only those parts of the spectrum where the contribution by mode M2 is negligible will remain fully polarized up to the end of the fiber. Furthermore, from the spectral polarization matrix Φ Φ Φ(z, ω) we can also determine the state of polarization for each spectral component by using the spectral Stokes parameters as given in [33] . Normalized to the spectral density of the field, the Stokes parameters describe the Poincaré vector which allows to geometrically illustrate the polarization state on the Poincaré sphere with unit radius. The length of the Poincaré vector is thereby identical to the degree of polarization [33] , i.e., the state at the origin is unpolarized whereas states at the surface are fully polarized. By extending the Poincaré vector of a partially polarized state to the surface of the sphere, we may indicate the polarization state of its polarized part.
We studied the evolution of the polarization state along the fiber exemplarily at three different wavelengths: 0.7 µm, 0.8 µm and 0.9 µm. The results are illustrated in Fig. 6 (c) (Media 1) and Fig. 7 ((Media 2) and (Media 3)), where the trace of the tip of the Poincaré vector is represented by the purple line and the corresponding state of polarization of the polarized part is represented by the green line on the Poincaré sphere. At 0.8 µm (Fig. 6(c), (Media 1) ) the light is initially fully linearly polarized so that the tip of the Poincaré vector is located on the sphere at the coordinates (S s1 = 1, S s2 = 0, S s3 = 0). Once also the orthogonally polarized mode M2 starts to develop, not only does the degree of polarization decrease, as already seen above, but also the polarization state changes. Light at 0.8 µm becomes elliptically polarized with the orientation and shape of the polarization ellipse varying along the fiber.
At 0.7 µm (Fig. 7(a) , (Media 2) and 0.9 µm (Fig. 7(b) , (Media 3), where the spectrum is initiated from noise, the initial degree of polarization is essentially zero. Consequently, the initial state of polarization is random but quickly evolves to a fully linearly polarized state with the onset of spectral evolution in mode M1 at 0.7 µm and 0.9 µm. The degree of spectral polarization reduces then again when the spectral components appear in mode M2, with the state of polarization changing to elliptical.
Conclusions
We have demonstrated that the set of equations forming the MM-GNLSE described in [19] can readily be solved in the frequency domain by transformation to a system of first-order ordinary differential equations. The complete temporal and spectral information of ultra-short pulses propagating in a multimode fiber can then be extracted in a straightforward manner by employing standard ODE solvers. We are convinced that this approach will make the accessibility easier and stimulate modeling of pulse propagation in multimode fibers within a broader research community. We have verified the solver both by reproducing previously published results on SCG in multimode fibers [20] and by studying the simplest multimode case when energy is effectively only transferred between the two orthogonal states of linear polarization of the fundamental mode in a non-birefringent microstructured optical fiber. As one example among many applications, we have demonstrated for the latter case how modeling based on the MM-GNLSE may enable gaining deep insights into the complex nonlinear polarization dynamics in SCG.
